In this study, a new application of multivariate Padé approximation method has been used for solving European vanilla call option pricing problem. Padé polynomials have occurred for the fractional Black-Scholes equation, according to the relations of "smaller than", or "greater than", between stock price and exercise price of the option. Using these polynomials, we have applied the multivariate Padé approximation method to our fractional equation and we have calculated numerical solutions of fractional Black-Scholes equation for both of two situations. The obtained results show that the multivariate Padé approximation is a very quick and accurate method for fractional Black-Scholes equation. The fractional derivative is understood in the Caputo sense.
Introduction
Fractional calculus expresses the calculus of the integration and differentiation, the order of which is given by a fractional number. Many applications of fractional calculus amount for the replacing the time derivative in an evolution equation with a derivative of a fractional order.
Partial differential equations of fractional order, as generalizations of classical integer order partial differential equations, are increasingly used in model problems of fluid flow, physical and biological processes, control, engineering and systems [1] [2] [3] [4] [5] . Most fractional differential equations do not have exact analytical solutions, therefore, approximation and numerical techniques are used extensively for solving these equations [6] . Many powerful numerical and analytical methods have been presented in literature on finance. Among them, homotopy perturbation method with Sumudu transform and Laplace transform [7] [8] [9] , homotopy analysis method [10] , fractional variational iteration method [11] , variational iteration method with Sumudu transform, finite difference method [12] and fractional diffusion models [13, 14] are relatively new approaches providing an analytical and numerical approximation to Black-Scholes option pricing equation. Methods described in [15, 16] are the other numerical methods, used in order to solve dynamic problems in elastic media and generalized semi-infinite programming.
In 1969, Fisher Black and Myron Scholes [17] got an idea that would change the world of finance forever. The central idea of their study revolved around the discovery that one did not need to estimate the expected return of a stock in order to price an option written on that stock. The Black-Scholes model for pricing stock options * corresponding author; e-mail: nozdemir@balikesir.edu.tr has been applied to many different commodities and payoff structures. The Black-Scholes model for value of an option is described in [15] by the following equation:
where C = C(S, t) is the European option price at asset price S and time t. T is maturity, r(t) is the riskfree interest rate and σ(S, t) represents the volatility function of the underlying asset. In Eq. (1), we demonstrate that C(0, t) = 0, C(S, t) ∼ S as S → ∞ and C(S, T ) = max(S − E, 0). The Eq. (1) is clearly in backward form with final data given at t = T . The first thing to do in Eq. (1) is to get rid of the awkward S and S 2 terms multiplying ∂C/∂S and ∂ 2 C/∂S 2 . We set:
with initial condition ν (x, 0) = max ( e x − 1, 0) . (3) The aim of this paper is to extend the application of multivariate Padé approximation (MPA) method to obtain approximate solution of fractional Black-Scholes Eq. (2) with initial condition (3).
Basic definitions
The Mittag-Leffler function E α (z) with α > 0 is defined by:
, z ∈ C.
Multivariate Padé approximation method
Let us consider the bivariate function f (x, y) with Tay-
c ij x i y j around the origin. Now we define
We call p (x, y) and q (x, y) Padé equations [18] . Thus the multivariate Padé approximant of order (m, n) for f (x, y) is defined as the irreducible form [20] , as
Numerical solution of fractional Black-Scholes equation with MPA
In this section, we show the right relationship with the MPA solution and exact solution of the Black-Scholes option pricing equation. All the computations have been performed using Maple and Matlab Software. The solution of Eqs. (2) and (3) is given by
where E α (z) is Mittag-Leffler function of one parameter [21] . For case α = 1, we have
which is an exact solution of the classic Black-Scholes equation. Let us consider the Eq. (5) as
Situation of S < E:
If we take that the stock price is smaller than the exercise price (S < E), we obtain that the expansion of the series in Eq. (6) for α = 1 is
Now let us calculate the approximate solution of Eq. (8) for m = 3 and n = 2 by using MPA. We use the polynomials in Eq. (3) and we obtain:
q (x, τ ) = 1 24
In Eqs. (8) and (9), we consider the vanilla call option with parameter r = 0.04 and σ = 0.2 from [22] . Then k = 2r/σ 2 = 2, so we obtain the Padé approximant as The expansion of the series in Eq. (6) for α = 0.5 is ν (x, τ ) = 1.12837916kτ Fig. 2 and Table II we compare MPA of order (5, 2), calculated using Eq. (11), with the exact solution, for k = 2. 
Situation of S > E
If we consider another situation, when the stock price is bigger than the exercise price (S > E), we obtain the expansion of the series in Eq. (6) for α = 1 as 
Conclusions
In this study, a numerical solution of Black-Scholes option pricing equation has been achieved. A numerical approach, which is based on MPA method, is successfully applied to fractional Black-Scholes European option pricing equation. This study is one of the few studies about numerical solution of FBSE. The FBSE is considered as two parts, according to stock price S and the exercise price E. It is a fact that if S = E then the value of the option is zero. We have discussed the cases of S < E and S > E. For the values of α = 1 and α = 0.5, the numerical results obtained using MPA are compared with the exact solutions. The data used in the comparison is the real life data of the vanilla call option. When looking at error values for the values of α = 1 and α = 0.5, numerical results in tables and figures show that the results of MPA are in excellent agreement with the analytical results. Thus, it is observed that MPA is a successful method for determination of the European option pricing.
